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We study two-photon scattering of a tightly focused weak hght beam from a smah atomic ensemble 
of two-level atoms (2LAs). The scaling of the two-photon nonlinearity at single photon resonance 
shows a non-monotonic behaviour with increasing number of few identical 2LAs. Single-photon 
transport in a system of two 2LAs is similar to that in a 1^— type three- level atom (SLA). However 
two-photon transport in these two systems shows very different line-shapes. When the single-photon 
transmission is zero in these systems, two transmitted photons are bunched together in a V— type 
SLA, while their correlation is zero in two 2LAs. The difference in the two-photon line-shape persists 
for few 2LAs and SLAs. Therefore, the two-photon scattering of a tightly focused weak light beam 
can be used as a probe to detect atomic level structures of different atoms with similar transition 
energies. 



A strong photon-photon interaction at the level of weak 
light field is one main challenge for realizing photonic 
quantum information devices. It is efficiently achieved 
by placing a nonlinear medium, such as an atom or a 
superconducting qubit in a cavity. The cavity greatly 
enhances the coupling between the medium and the pho- 
tons. Recently a new approach to realize a strong two- 
photon nonlinearity at the level of few photons has been 
demonstrated using scattering of a tightly focused light 
beam from the dipole moment of an atom [1-4] . It can 
be realized easily by confining the light beam and the 
atom in a one-dimensional (ID) photonic waveguide [5- 
13]. Tight confinement of light fields in the waveguide 
directs the majority of the spontaneously emitted light 
from the atom into the transport channels, while local 
interactions at the atom induce a strong photon-photon 
correlation by preventing multiple occupancy of photons 
at the atom. A single two-level atom (2LA) is highly sat- 
urated by a single photon, thus it creates a strong optical 
nonlinearity for multiple incident photons. However an 
atomic ensemble can not be saturated by a single pho- 
ton when the number of atoms is large, and the photon- 
photon interaction declines with an increasing number of 
2LAs. We calculate a scaling of the two-photon nonlin- 
earity with an increasing number of few identical 2LAs. 
The decay of two-photon nonlinearity shows a nonmono- 
tonic behaviour with the increasing atom number at sin- 
gle photon resonance of a 2LA. However the two-photon 
nonlinearity is diminished monotonically with increasing 
atoms for incident photons detuned from single-photon 
resonance. We also derive two-photon scattering by two 
different side-coupled 2LAs [14, 15]. The single-photon 
scattering by two different side-coupled 2LAs in a ID 
waveguide is similar to that by a y— type three level atom 
(SLA) [16]. However, the nature of two-photon scatter- 
ing in these two systems is quite different. When the 
single-photon transmission is zero in these systems, two 
reflected photons are anti-bunched in a V—type SLA, but 
they are not anti-bunched in two 2LAs. Two transmitted 
photons at these parameters are bunched in a SLA while 




FIG. 1. A schematic of a small ensemble of atoms in a tightly 
focused weak light beam. 



there is no transmitted photon for the 2LAs. The differ- 
ence in the two-photon line-shape persists for few 2LAs 
and F— type SLAs. Therefore, we propose that the two- 
photon scattering line-shape of a tightly focused weak 
light beam can be used to probe atomic level structures 
of different type of atomic ensembles. 

We consider N 2LAs side-coupled to the propagat- 
ing left- and right-moving photon modes. These photon 
modes can be confined in a ID waveguide [7] or they 
can be created tightly focused by any other experimental 
techniques [3] . For simplicity of calculation, we assume 
all the atoms are connected to the chiral photon modes 
at a same position. This is a valid approximation for 
a small ensemble of atoms, R << X where R is radius 
of the ensemble and A is resonant radiation wavelength. 
The Hamiltonian of the full system. 



y. = -ivg J dx [a^j^{x)dxaii{x) - a'j^{x)dx:aL{x)] 

N 

+ + [1^(4(0) + «I(0))^.- + H.c.]) , (1) 



where fit — fli — i"fi/2. Here Vg is the group velocity of 
photons, and a\^{x) {a]^{x)) is a bosonic creation operator 
for a right (left)-moving photon at position x. We have 
set ground state energy of 2LAs to be zero, and fi^ is 
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FIG. 2. (a) Two different two-level atoms and (b) a V-type 
three-level atom in a ID photonic waveguide with incident, 
transmitted and reflected light beams. 



energy of the excited state of ith 2LA. Here a^j (OgJ 
is a creation operator of the ith 2LA's excited (ground) 
state, and (Ti_ — a^g^aei- The coupling strength between 
the photon modes and an 2LA is V. It is important to 
incorporate spontaneous emission from the atoms to the 
other modes apart from the left and right moving photon 
modes of the Hamiltonian in Eq.l. This is done here by 
including an imaginary term —i^i/2 in the energy of the 
excited atomic state within the quantum jump picture 
[17]. Next we transform the Hamiltonian using, al{x) = 
^(a^x) + a[(-a;)) and al{x) = ^(ajj(a;) - a{i^x)) 
which decouple H in two parts, H = He + T~Lo- One 
part He contains interaction of atoms with even photon 
modes while the other part Ho has only free propagating 
photons in odd modes. Tie — ~^yg J dx al.{x)dxae{x) + 

^(4(0) E^i <^^- + H.c.) + - ^./2)aLae^ and 

T-Lo — —ivg J dx al{x)dxao{x). We set Vg = 1. 

Two different 2LAs: We first calculate single- and 
two-photon transport in two different 2LAs, and next 
we generalize the results for many identical 2LAs. A 
single-photon scattering state \k) of a photon with en- 
ergy Ek = k\s given by 



\k) = J dx{Ai{gk{x)al{x) + S{x)eks<^U 
+ Bihk{x)al{x)}\0) , 



<5(a;)efe,20'2+) 
(2) 



where gk{x) {h}~{x)) is an amplitude of a single photon 
in the even (odd) mode while e^^i is an amplitude of 
the excited zth atom with i = 1,2. Here Ai and Bi 
satisfy initial conditions of incident photon, i.e., pho- 
ton is incoming in the left- or the right-moving chan- 
nel. |0) represents vacuum state, i.e., atoms are in the 
ground state and zero photon in the waveguide. We 
derive the amplitudes in Eq.2 using the single-photon 
Schrodinger equation. The amplitudes are e^^i = V{Ek — 
n2)/(y2^S), ek,2 = V{Ek - f)i)/(V2^S), gk{x) = 
{e{-x) i2(fc)6'(a;))e*'=^/\/2^ and hk{x) = e*'=^/\/2^ 
where S = (E^^ - fii + iT/2){Ek - + «r/2) + T^/A, 

r = 



t2{k) - [{Ek-ni 



i-){Ek-n2 



(3) 



The single-photon transmission coefficient Tk = \t2ik) + 
lp/4, and reflection coefficient Rt = \t2{k) - lp/4. We 
plot Tfe and Rk in Fig. 3. When two atoms are identi- 
cal, rii = fl2 = ^ and 71 = 72 = 7 we find excitation 
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FIG. 3. Single-photon transmission Tk (blue full line) and 
reflection Rk (red dash line) coefficients with incident photon 
energy Ek for two two-level atoms. The parameters are, (a) 
^1=^2 = 0.5, 71 = 72 = 0.01, (b),(c),(d) Qi = 0.45, ^2 = 
0.55, and (b) 71 = 72 = 0.01, (c) 71 = 72 = 0.0, (d) 71 = 
0.01, 72 = 0.0. In all plots, F = 0.04. 



and 



amplitude of any atom, 62 (fc) = ^ E,-nZ-y/2+tr 

£t -n-i-t7/2-tr Yqj. ^y^Q identical atoms 



t2{k) = T2(fc) - ^^._n+,^/2+»r - 
Tk = and Rk = 1 at single photon resonance, i.e., 
Ek = and 7 = 0. T^: is unity and Rk is zero for two 
different 2LAs at Ek = (f^i + ri2)/2 and 7^ = 72 = 0. 
Rk is unity and Tk is zero for two different 2LAs when 
Ek = fli, 71 = and/or Ek = f^2, 72 = 0. 

The general two-photon scattering state of two incident 
photons with energy Ey^ = Ek^ + Ek^ =^1+^2 has the 
form 



|fci, fc2 



dxidx2 



1 



A2{g{xi,X2)-j^al{xi)al{x2) 



+ei{xi)5{x2)al{xi)ai+ + e2ixi)S{x2)al{xi)a2+ 
+e3S{xi)S{x2)<Ji+a2+} + B2{j{xi;X2)al{xi)al{x2) 
+fi{xi)S{x2)al{xi)ai+ + f2{xi)S{x2)al{xi)a2+} 

+C2 h{xi, X2)^al{xi)al{x2) |0) , 



(4) 



where the physical meaning of various amplitudes is ob- 
vious from the definition. The coefficients, A2,J52 and 
C2 determine initial conditions of incident photons. We 
find these amplitudes from two-photon Schodinger equa- 
tion with a choice of incoming two-photon state using 
the method of Ref.[18]. Let us call Cti — CI2 — A, 
^/A2 - r2 = /3and A± = Ei^- {Cli + n2)/2 + ir/2±P/2. 
We find 



F 



lOix) 



(6^1,13^2(2;) -I- ek^sgkd^)), 



(5) 



e2{x) = {cie^^-^ + C2e'^+nd{x) 



+ (cfci, 23/02 (2;) + 6^2,23^1(2;)), (6) 
and fi{x) = Cfci, 1/1^2(2;) + ek^.ihkAx), with i = 1,2, and 
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63 = iit2{ki) + t2{k2)~2)/{2TT{Ek-ni-n2 + iT)). Here 
-iT- A + (3 . 



Cl 



C2 



^^ + A + ^ 
47r/3 



i{'r'^kiVk2 + r^fc2%i - ^nVes), (7) 



and r]k - iMk) - l)/r, Efc = V/ik - (^ii + r!2)/2 + 
zr/2-/3/2), <rfe = F/(fc-(fii + fi2)/2 + ir/2 + /3/2). The 
amplitudes of two-photon wavefunction are 

g(xi,X2) = -^(gkjxi)gk2{x2) + gk2{xi)gki{x2)) 



+ 



e{xi- 

A-/3 



x/2 

X2)e{x2)(^ 



A + /3 - ir 



V2y 



-C2e 



V2y 



(j^g«^-a:ig«(-Ek-A_)a;2 



j{xi;x2) = {gki{xi)hk2{x2) + gk2{xi)hki{x2)), 



(8) 
(9) 



h{xi,X2) = --^(/ifci(a;i)/ifc2(a;2) + /iA:2(a;i)ft.fci(a;2))(10) 

The part of the wavefunctions in Eqs.5,6,8 involving ci , C2 
is generated because of inelastic photon scattering by the 
atoms, and is a signature of background fluorescence. 
This part is also responsible for photon-photon interac- 
tions created by resonant interactions of the light beam 
with the atoms. By integrating out the field operators of 
the 2LSs from Eq.4 we write down an asymptotic outgo- 
ing scattering state using the original right and left mov- 
ing free photons as a combination of two transmitted 
t2{xi,X2), two reflected r2{xi,X2) and one transmitted 
plus one reflected photon rt{xi, X2)- 



dxidx2 



t2{xi, X2)^a^ji{xi)a^j^{x2) + r2{xi,X2) 
v2 



--^a^^{xi)a'j^{x2) + rt{xi,X2)a'ji{xi)a\ix2) |0) .(11) 

Later we discuss nature of various parts of the two- 
photon wavefunction in Eq.ll of the two different 2LAs 
in comparison with that of a V-type SLA. 

Multiple identical 2LAs: For two identical 2LAs, the 
expression in Eq.8 of the two-photon wavefunction in the 
even modes reduces to 

g2{xi,x2) = ■^{g2,kAxi)92,k2i^2) + g2.k2{xi)g2,kAx2)) 



iV 



C2 [e^^''^^~^'-^^'^"'/^~^^^'-^^^^^^0{x2 



(xi O X2)], where g2.k{^) = 



/2tt 



C2 = 8iVe2iki)e2{k2) 



xi)9{xi) 

{e(-x)+T2{k)6{x)), 

(12) 



2\/2ir(e2(fci) + 62(^2)) 



^{Ek - 20 + ^7 + iT) 



Here C2 is a measure of the strength of photon-photon 
interactions. The form of the two-photon wavefunction 
in the even modes for multiple identical 2LAs is almost 
similar to the one in Eq.l2 except the spread of two- 
photon bound state (part of the wavefunction with C2) 
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FIG. 4. Correlation of two transmitted photons \t2{xi,X2)\'^ 
for multiple identical 2LSs with distance separation xi — X2 
between photons. The left figure is for two incident photons 
at single-photon resonance, 1?^^ = iJ^j — Q. \t2{xi, X2)\'^ is 
zero for even number of 2LSs for Ek^ ~ ~ The right 
figure is at a detuned incident energy, E^-^ = E^^ =0.5 and 
SI = 0.45. The number of TLS in right figure is 1 to 4 for top 
to bottom curves. In all plots, F — 0.04 and 7 = 0. 



over xi — X2 reduces with increasing number of atoms. 
For example, the two-photon wavefunction in the even 
modes for three identical 2LAs is 

g3{xi,X2) = ■^{g3Mi^l)93Mi^2) + g3,k2i^l)93Mi^2)) 



iV 



C3 [e'E^^^-^i^^-^-'/^~^-5^^)i^^-^^)e{x2 - xi)d{xi) 



(xi O 2:2)] , where gs^ki^ 



((?(-x)+r3(fc)0(x)). 



r 10-1/ (1 \ it.\ 6V2ir 63(^1) 63(^2) .^„x 

C3 = 182^63(^1)63 ^2) . . „.p (13) 

VTT £/k — 2S 2 -I- Z7 -|- 2zl 

and e3(fc) = Vl{^/2^{Ek - 57 + l.SiF)), T^(k) - {Ek - 
n - l.5ir)/{Ek -n + 1.5ir). We find for four identical 
2LAs, 



C4 = 32iV e4{ki)e4{k2) 



\2^iY 64(^1) ^ 64(^2) 
0r E^^-2?L + iiY 



(14) 



where e4(fc) = Vl{y/2^(Ek - O + 2ir)) and T4(/fc) = 
{Ek - n- 2iT)/{Ek + 2iT). At single photon res- 
onance, i.e., Ek = and 7 = 0, we find Ci = for an 
even number of identical 2LAs, and the magnitude of Ci 
falls with an increasing odd number of identical 2L As (see 
left plot in Fig. 4). Two degenerate incident photons at 
single-photon resonance are refiected from an even num- 
ber of identical 2LAs by a purely elastic scattering pro- 
cess, thus no inelastic two-photon bound-state is formed 
in this case. Of course, Ci is not exactly zero even for an 
even number of atoms in a more physical situations with 
a finite value of loss (i.e., 7 7^ 0) and a slightly detuned 
incident energy from the single photon resonance. We 
plot correlations of two transmitted photons in multiple 
identical 2LAs for incident photons at single-photon res- 
onance (left plot of Fig. 4) or detuned from single-photon 
resonance (right plot of Fig. 4). Two photon correlations 
fall monotonically with an increasing number of 2LAs for 
two detuned incident photons. 
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V-type three level atom (3LA): Next we consider a V- 
type SLA as shown in Fig. 2. The Hamiltonian of a single 
SLA in a ID waveguide with right and left-moving pho- 
ton modes is exactly identical to Eq.l with N = 2. The 
single-photon transport in a V^— type SLA is the same as 
in the two 2LAs with similar transition energies. This is 
because single photon can excite only one atomic transi- 
tion of two 2LAs or a SLA at a time. Two photons can 
simultaneously excite two atomic transitions of two inde- 
pendent 2LAs, but not two transitions of a y— type SLA 
where only one transition can be excited at a time. This 
creates a difference in two-photon transport in two 2LAs 
and in a type SLA with similar energy configuration. 

The two-photon transport in a T^— type SLA in a ID 
waveguide can be found easily from the previous calcu- 
lation for two different 2LAs by setting 63 = in Eq.4, 
because two excited levels of a SLA can not be excited 
simultaneously. We compare nature of two transmitted 
and two reflected photons from two 2LAs and a SLA 
in a ID waveguide for different parameters. For sim- 
plicity we consider 71 = 72 = in the following com- 
parison, though a loss (7; ^ 0) develops little different 
features, (i) When two transitions of two 2LAs or a 
SLA are identical, ili = = two degenerate inci- 
dent photons at Ek^ — — ^ are perfectly reflected 
from two identical 2LAs, and the correlations of two re- 
flected photons |7'2(a;i, a;2)P is constant (which is equal to 
l/27r^) for any distance separation x = xi — X2 between 
them (see Fig. 5(a)). The corresponding wavefunction of 
two transmitted photons 1^2(2^11 2^2)^ is zero at all x. In 
contrast, two reflected photons at these parameters for 
a F— type SLA is anti-bunched, (check Fig. 5(c)) while 
two transmitted photons are bunched together. Fig. 5(b). 
The anti-bunching of two reflected photons in a side- 
coupled y— type SLA occurs because two photons can 
not be emitted simultaneously by the SLA, and the re- 
flected photons are solely due to emission from the SLA. 
(ii) Two degenerate incident photons with energy equal 
to (r^i + il2)/2 are fully transmitted through two dif- 
ferent 2LAs, and and the correlations of two transmit- 
ted photons is constant (equal to l/27r^) at any x. The 
corresponding wavefunction of two reflected photons is 
zero at all x. The nature of two transmitted and two 
reflected photons for a SLA at these parameter sets is 
identical to the two different 2LAs. (iii) The correlation 
of two transmitted photons for two different 2LAs in a 
ID waveguide is zero at all x when the incident photon 
energy Ek-i^ — Qi and Ek2 = ^2- The correlation of two 
reflected photons for two different 2LAs at these parame- 
ters shows a cosine oscillation with x (see Fig. 5(d)). The 
nature of two transmitted and two reflected photons for 
a SLA at these parameter sets is different from the two 
different 2LAs. Two transmitted photons from a SLA 
are bunched (see Fig. 5(e)) while two reflected photons 
are anti-bunched. The correlation of two reflected pho- 
tons from a SLA at these parameters also oscillates with 
X (see Fig. 5(f)). In all three above sets, the total energy 
of incident photons is {fli + ft2), when the fluroscence 
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FIG. 5. Correlations of two transmitted jt2(a;i,X2)P (middle 
column) and two reflected |r2(a;i, 0:2) |^ (first and last columns) 
photons with distance separation Xi — X2 between photons. 
The flrst column is for two 2LAs, and the middle and last 
columns are for a V— type SLA. The parameters are, fii = 
^2 = -Efci = = 0.5 (first row) and f2i = Ek^ = 0.45, ^2 = 
Ek2 ~ 0.55 (second row). In all plots, F = 0.04, 71 = 72 = 0. 



vanishes completely in two 2LAs, it has been discussed 
recently [14, 19]. However, a loss 7i 7^ from the 2LAs 
can create non-zero fluroscence. The nature of two trans- 
mitted or two reflected photons in a system of two 2LAs 
and in a I^— type SLA are identical when the single pho- 
ton transmission amplitude (which is same in both the 
systems) is exactly one. Then the amplitude 63 of si- 
multaneous excitation of both the 2LAs is zero, and the 
system of two 2LAs behaves like a F— type SLA. Away 
from this special parameter set (which can be achieved 
easily with a slightly detuned incident photons or incor- 
porating a loss 7i 7^ 0) the nature of two transmitted or 
two reflected photons in a system of two 2LAs and in a 
V^— type SLA are very different. Therefore, two-photon 
scattering by a tightly focused weak light beam can be 
used to differentiate between two 2LAs and a type 
SLA with similar transition energies. 

The single photon transmission in an ensemble of four 
2LAs is similar to that in an ensemble of two I^— type 
SLAs with similar level structures, for example, a 2LA 
ensemble where two 2LAs have transition energy fii and 
other two have ^2, while each SLA in a SLA ensemble 
has two transition energies fli and $72. Now, two y— type 
SLAs are saturated by two photons because two photons 
can simultaneously excite two transitions of two different 
SLAs. Still, two-photon transport in four 2LAs is differ- 
ent from that in two SLAs. This is because two photons 
can excite any two atoms of four 2LAs, thus there are 
total six amplitudes of exciting any two 2LAs, while two 
transitions from two different SLAs can be excited by 
two photons, therefore there are total four options for 
two simultaneous atomic transitions in the SLAs. It cre- 
ates a difference between two-photon transport in four 
2LAs and two-photon transport in two 1^— type SLAs. 
Let us consider a system of four identical 2LAs for which 
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we have already calculated the inelastic scattering con- 
tribution (see Eq.l4). The inelastic contribution in two- 
photon scattering from two identical type 3LAs with 
two same transition energies = ^2 = is given by 



C2V — 32iV^e4(fci)e4(A;2) 



8y2ir 64(^1) +64(^2) 
-v/tt - 20 + 2iT 



(15) 



where 64 (fc) and Ti{k) arc as before. Away from single- 
photon resonance, C2V 7^ C4. The difference in two- 
photon scattering also persists between six 2LAs and 



three V— type 3LAs. However, with an increasing num- 
ber of atoms this difference becomes weaker. Single pho- 
ton transport in a driven A type SLA [12, 16] where one 
transition is coupled to photon modes and another tran- 
sition is driven by a classical laser beam, is also similar 
to the two 2LAs in a ID waveguide. We find that two- 
photon transport in a driven A type 3LA matches with 
that in a type 3LA in a ID waveguide. 
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